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A THERMODYNAMIC BASIS FOR IMPLICIT RATE-TYPE CONSTITUTIVE
RELATIONS DESCRIBING THE INELASTIC RESPONSE OF SOLIDS UNDERGOING
FINITE DEFORMATION
DAVID CICHRA AND VI´T PRU˚SˇA
Abstract. Implicit rate-type constitutive relations utilizing discontinuous functions provide a novel approach
to the purely phenomenological description of the inelastic response of solids undergoing finite deformation.
However, this type of constitutive relations has been so far considered only in the purely mechanical setting, and
the complete thermodynamic basis is largely missing. We address this issue, and we develop a thermodynamic
basis for such constitutive relations. In particular, we focus on the thermodynamic basis for the classical
elastic–perfectly plastic response, but the framework is flexible enough to describe another types of inelastic
response as well.
1. Introduction
Rajagopal (2003, 2007) recognized that the classical concept of the Cauchy elastic material wherein the
constitutive relation for a homogeneous isotropic elastic solid is given as
T = f (B) , (1.1)
where T denotes the Cauchy stress tensor, B denotes the left Cauchy–Green tensor, and f is a tensor-valued
function, is overly restrictive and can be generalised as
h (T,B) = 0, (1.2)
where h is a tensor-valued function. It turns out that this seemingly small change can be very benefi-
cial. For example Muliana et al. (2018) and Gokulnath and Saravanan (2020) have shown that the novel
constitutive framework (1.2) can be gainfully exploited in the modelling of the response of rubber. (See
Rajagopal and Saccomandi (2016) and Bustamante and Rajagopal (2020) for recent review of the applica-
tions of this concept in the mechanics of solids.)
Later, Rajagopal and Srinivasa (2007) have speculated on the use of implicit rate-type constitutive relations
g(SR, dSR
dt
,E,
dE
dt
) = 0, (1.3)
in the phenomenological modelling of inelastic response of solids. (Here SR denotes the second Piola–Kirchhoff
stress tensor, E denotes the Green strain tensor, and d
dt
stands for the time derivative of the corresponding quan-
tity.) This concept has been used by Rajagopal and Srinivasa (2015) who have introduced a one-dimensional
constitutive relation
dσ
dt
= E [1 −H (σdǫ
dt
)H (∣σ∣ − σy)] dǫ
dt
, (1.4)
where σ denotes the stress, ǫ denotes the relative deformation, σy denotes the yield stress, E denotes the Young
modulus and H denotes the Heaviside step function,
H(x) =def ⎧⎪⎪⎨⎪⎪⎩
0, x ≤ 0,
1, x > 0. (1.5)
Surprisingly, the simple implicit rate-type equation (1.4) whose essential feature is the use of discontinuous
functions is sufficient for the modelling of the one-dimensional elastic–perfectly plastic response, and it is easy
to generalise to include more complex models for plastic response, such as models for the plastic response
without a sharp yield condition, see Rajagopal and Srinivasa (2015) for details. (See also Wang et al. (2018)
for the application of the same concept in the beam theory.)
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Notable feature of the implicit rate-type equation (1.4) is that is allows one to model the plastic response
without the need to introduce the concept of plastic strain, which is a concept ubiquitous in classical approaches
to plasticity. (See for example Steigmann (2020) for a recent overview of the classical plasticity theory;
exhaustive discussion and numerous references can be also found in Xiao et al. (2006).) This might be beneficial
in the development of purely phenomenological models for inelastic response that deliberately make no direct
reference to the evolution of the underlying microstructure, either because the microstructure evolution is of
no interest or it is completely unknown or too complicated to deal with.
While a generalisation of constitutive relations of type (1.4) into the fully three-dimensional setting and to
finite deformations has been carried out by Rajagopal and Srinivasa (2016), such a generalisation still works
with the mechanical variables only, and it leaves the problem of establishing a thermodynamic basis for this
class of models open. (Several studies, see for example Rajagopal and Srinivasa (2011), Srinivasa (2015),
Bustamante and Rajagopal (2017) or Gokulnath et al. (2017) are focused on thermodynamics, but mainly in
the context of simpler algebraic implicit constitutive relations (1.2).) Consequently, the question is whether
it is possible to develop a complete thermodynamic basis that allows one to recover the mechanical models
introduced by Rajagopal and Srinivasa (2016), and that guarantees that models of this type are consistent with
the first and the second law of thermodynamics. In this short note we answer this question.
Moreover, we explicitly identify the energy storage mechanisms and the entropy production mechanisms,
see Rajagopal and Srinivasa (2005), that are related to the implicit rate-type constitutive relations for the
inelastic response. Namely, we start with a well defined Helmholtz free energy and entropy production, and we
derive a complete set of evolution equations, including the temperature evolution equation, for such a material.
2. Preliminaries
The thermodynamic basis outlined below uses the Eulerian description, hence unlike in (1.3) we work
with the Cauchy stress tensor T and the left Cauchy–Green tensor B =def FF⊺, where F =def ∂χ∂X denotes
the deformation gradient associated to the deformation x = χ(X, t). Using the standard notation d
dt
for the
material time derivative, L for the velocity gradient, D for the symmetric part of L, and W for the skew-
symmetric part of L, we introduce the objective derivatives
▽
A =def dA
dt
− LA − AL⊺, (2.1a)
◯
A =def dA
dt
−WA + AW, (2.1b)
where the derivative introduced in (2.1a) is referred to as the upper convected derivative (Oldroyd derivative),
while the derivative (2.1b) is referred to as the corotational derivative (Zaremba–Jaumann derivative), see for
example Marsden and Hughes (1994).
The key observation is the following. The identity dF
dt
= LF implies that
▽
B = 0. (2.2)
Using (2.2), we can conclude that the corotational derivative of B is given by the formula
◯
B = DB + BD. (2.3)
Let us emphasise that this formula is a kinematical identity provided that B is the genuine left Cauchy–Green
tensor. It is not a constitutive relation for a specific material.
3. Thermodynamics
Now we are in the position to use the observation (2.3) in the derivation of the evolution equations for a
homogeneous isotropic elastic–perfect plastic solid, which is the prime example of a solid material with an
inelastic response. Let us assume that the specific Helmholtz free energy, that is the Helmholtz free energy
per unit mass, is given as
ψ = ψ(θ,Be), (3.1)
where Be is a quantity that will be specified later. Our main task is to find an evolution equation for this
quantity.
We note that other thermodynamics potentials might be used at this point as well. In particular, the spe-
cific Gibbs free energy might be the thermodynamic potential of choice, see Rajagopal and Srinivasa (2011)
for further discussion. In fact, the Gibbs potential is the natural choice in the case of elastic bodies with
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constitutive relation in the form B = e(T), where e is a tensor valued function, see especially Srinivasa (2015),
Gokulnath et al. (2017) and Pr˚usˇa et al. (2020), and also Rajagopal and Srinivasa (2013) for the case of ther-
moviscoelastic solids. For the sake of simplicity we however stick at Helmholtz free energy, which allows us to
utilise/recover some well known formulae for Green elastic (hyperelastic) solids, and document the relation of
our work to the classical nonlinear elasticity theory. A theory based on the Gibbs free energy instead of the
Helmholtz free energy is definitely worth of investigation, but such a study is beyond the scope of our current
contribution.
If we were dealing with an isotropic Green elastic (hyperelastic) solid, then the specific Helmholtz free
energy would be given by the formula
ψ = ψ(θ,B), (3.2)
and the evolution of B would be given by (2.3). Since we are dealing with an elastic–perfectly plastic solid, we
would like to recover (3.2) and (2.3) in the elastic regime. This motivates us to search for the evolution of Be
in the form
◯
Be = DBe + BeD +M, (3.3)
where the tensor M characterises the mismatch between the evolution of the left Cauchy–Green tensor B
associated to the total deformation and the left Cauchy–Green tensor Be associated to the “elastic part” of
the deformation. (Although there is no need to call it like this.) Since the evolution of B is always governed
by the evolution equation
◯
B = DB + BD, (3.4)
we see that if M = 0, then the evolution of Be coincides with the evolution of B, and in this case we are dealing
with the standard elastic response.
Let us now to try to identify a constitutive relation for M and the Cauchy stress tensor T. Assuming that
the Helmholtz free energy is given by (3.1) we obtain the evolution equation for the specific entropy η in the
form
ρθ
dη
dt
= T ∶D − ρ ∂ψ
∂Be
∶ dBe
dt
− div jq, (3.5)
where jq denotes the heat flux vector, ρ denotes the density, and U ∶V =def Tr (UV⊺) denotes the Frobenius dot
product on the space of matrices. (For details see Ma´lek and Pr˚usˇa (2017) or any standard book on continuum
thermodynamics.) The definition of the corotational derivative implies that
dBe
dt
= ◯Be +WBe − BeW (3.6)
hence the product of dBe
dt
with the symmetric matrix ∂ψ
∂Be
can be rewritten as
ρ
∂ψ
∂Be
∶ dBe
dt
= ρ ∂ψ
∂Be
∶ ◯Be, (3.7)
where we have used the fact that the matrix dot product of a symmetric matrix and a skew-symmetric matrix
vanishes. Further, the assumed evolution equation (3.3) for Be implies that
DBe + BeD = ◯Be −M. (3.8)
This is the Lyapunov equation for quantity D, see for example Kucˇera (1974) or Sˇilhavy´ (1997). This equation
can be solved explicitly provided that Be is a symmetric positive definite matrix. The solution to this equation
is
D = ∫ +∞
τ=0
e−τBe ( ◯Be −M) e−τBe dτ. (3.9)
Making use of (3.9) and (3.7) in (3.5) leads to the entropy evolution equation in the form
ρθ
dη
dt
= T ∶ [∫ +∞
τ=0
e−τBe ( ◯Be −M) e−τBe dτ] − ρ ∂ψ
∂Be
∶ ◯Be − div jq. (3.10)
Using the properties of the matrix dot product, the fact that ∂ψ
∂Be
commutes with Be, and the identity
∫
+∞
τ=0
e−2τBe dτ = [−1
2
(Be)−1 e−2τBe]+∞
τ=0
= 1
2
(Be)−1 , (3.11)
we can further rewrite (3.10) as
ρθ
dη
dt
= [∫ +∞
τ=0
e−τBe (T − 2ρBe ∂ψ
∂Be
) e−τBe dτ] ∶ ◯Be − T ∶ [∫ +∞
τ=0
e−τBeMe−τBe dτ] − div jq. (3.12)
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A brief inspection of (3.12) confirms that if we choose the constitutive relation for the mismatch tensor M
as M = 0, that is if Be = B, and if we fix the constitutive relation for the Cauchy stress tensor as
T =def 2ρBe ∂ψ
∂Be
, (3.13)
then the first two terms on the right-hand side of (3.12) vanish. This means that the material does not
produce entropy due to mechanical processes, hence we are in fact dealing with the standard elastic solid,
and (3.13) reduces to the standard representation formula for the stress in a homogeneous isotropic Green
elastic (hyperelastic) solid, see for example Truesdell and Noll (2004). This is however not the case we are
interested in.
We want to choose the constitutive relation for the mismatch tensor M in such a way that we obtain
the elastic–perfect plastic behaviour. We keep the constitutive relation for the Cauchy stress tensor in the
form (3.13), which means that the first term on the right-hand side of (3.12) vanishes, and we focus on the
term
− T ∶ [∫ +∞
τ=0
e−τBeMe−τBe dτ] . (3.14)
The choice of a constitutive relation for M must be done in such a way that it leads to a nonnegative entropy
production, hence we need the term (3.14) to be nonnegative. Referring again back to the Lyapunov equation,
we see that if we denote
X =def ∫ +∞
τ=0
e−τBeMe−τBe dτ, (3.15)
then M solves the equation
XBe + BeX = M. (3.16)
Let us now choose the constitutive relation for X as
X =def −H (T ∶D)H (∣T∣ −Ty)D, (3.17)
where H denotes the Heaviside step function (1.5) and Ty is a constant.
This formula is motivated by the one-dimensional model (1.4). We want X to be nonzero if only if the
internal energy grows, that is if the material is being loaded. (Recall that the evolution equation of the specific
internal energy reads ρde
dt
= T ∶D−div jq.) Furthermore, we want X to be nonzero if only if the stress has reached
a critical value. Formula (3.17) satisfies these requirements. We note that the function H (∣T∣ −Ty) can be
replaced as needed by any reasonable yield criterion such as the von Mises yield criterion, and the internal
energy increase/decrease indicatorH (T ∶D)might be modified as needed as well. (See Rajagopal and Srinivasa
(2015, 2016) for some interesting modifications.)
If X is chosen as in (3.17), then the entropy production term (3.14) reads
− T ∶ [∫ +∞
τ=0
e−τBeMe−τBe dτ] = −T ∶ X =H (T ∶D)H (∣T∣ −Ty)T ∶D ≥ 0, (3.18)
and it is nonnegative in virtue of the properties of the Heaviside function and the presence of the product
H (T ∶D)T ∶D. This manipulation provides the rationale for the presence of D in the proposed formula (3.17)
for X. Using (3.18) it is straightforward to see that if the constitutive relation for X is (3.17), and if the
constitutive relation for T is (3.13), then the entropy evolution equation (3.12) reads
ρθ
dη
dt
=H (T ∶D)H (∣T∣ −Ty)T ∶D − div jq, (3.19)
and the nonnegativity of the entropy production is granted. (Provided that the constitutive relation for the
heat flux is correctly selected; a simple choice is the standard Fourier law.) We can also note that the entropy
is being produced due to the mechanical processes if and only if the mismatch tensor M is nonzero, that is if
the material response is not elastic. Using the standard manipulation, see for example Hron et al. (2017), the
evolution equation (3.19) can be then converted to the evolution equation for the temperature.
In order to get a complete system of governing equations, we however need to find an explicit equation for
Be; the quantity X itself is of no direct interest. The evolution equation for Be is (3.3), where M is given in
terms of X in virtue of (3.16). Using the constitutive relation for X, we see that
M = −H (T ∶D)H (∣T∣ −Ty) (DBe + BeD) , (3.20)
which implies that the evolution equation (3.3) reads
◯
Be = [1 −H (T ∶D)H (∣T∣ −Ty)] (DBe + BeD) . (3.21)
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We note that if the material is not being loaded, T ∶ D ≤ 0, or if the yield stress Ty has not been reached,∣T∣ < Ty, then (3.21) implies
◯
Be = DBe + BeD, (3.22)
which means that Be satisfies the same evolution equation as the left Cauchy–Green tensor B for the total
deformation. On the other hand, if the material is loaded T ∶ D > 0, and if the yield stress has been reached,∣T∣ = Ty, then (3.21) implies
◯
Be = 0, (3.23)
which in turn implies that the Cauchy stress tensor is constant in the corotating frame.
4. Complete system of governing equations
Let us for simplicity assume that the specific Helmholtz free energy is given as ψ (θ,Be) =def ψth (θ)+ψe (Be),
where the thermal part ψth is given by the standard formula
ψth (θ) = −cV,refθ (ln( θ
θref
) − 1) , (4.1)
where cV,ref is the specific heat at constant volume and θref is a given reference temperature value. The
mechanical part ψe (Be) can be selected as needed from plethora of existing formulae for strain-energy density,
see for example Mihai and Goriely (2017) or Destrade et al. (2017). (We recall that we work with Helmholtz
free energy per unit mass, but many authors also use the Helmholtz free energy per unit volume in the reference
configuration, hence minor adjustments of the formulae from the available literature might be needed.) If we
further assume that the constitutive relation for the heat flux is the Fourier law jq = −κth∇θ, where the thermal
conductivity κth is a constant, then the complete set of governing equations in the Eulerian description is the
following
dρ
dt
+ ρdiv v = 0, (4.2a)
ρ
dv
dt
= divT + ρb, (4.2b)
T = 2ρBe ∂ψe
∂Be
, (4.2c)
◯
Be = [1 −H (T ∶D)H (∣T∣ −Ty)] (DBe + BeD) , (4.2d)
ρcV,ref
dθ
dt
= div (κth∇θ) +H (T ∶D)H (∣T∣ −Ty)T ∶D, (4.2e)
where b denotes the specific body force. This system must be solved for ρ, v and Be. If necessary (4.2) might
be rewritten in the Lagrangian description.
5. Linearization of the governing equations
Let us develop a small strain approximation of the rate-type constitutive relation (4.2d). The objective is
to recover the one-dimensional model (1.4). For the consistency with the standard von Mieses criterion, see
for example Srinivasa and Srinivasan (2009), we in (4.2d) use H (∣Tδ ∣2 − κ2) instead of H (∣T∣ −Ty), where Aδ
denotes the deviatoric (traceless) part of the corresponding tensor, and κ is a material parameter.
We need a small strain approximation regarding the left Cauchy–Green tensor B for the total deformation,
as well as its “elastic” counterpart Be. Namely, we assume that
B ≈ I + 2ε, (5.1)
where ε is the standard linearised strain tensor, and that
Be ≈ I + 2εe. (5.2)
Further, in the small strain approximation we assume that D = ε˙. (Here the symbol a˙ denotes the partial
derivative of quantity a with respect to time.) The linearization of the constitutive relation for the Cauchy
stress tensor T yields τ = λ (Tr εe) I + 2µεe, that can be rewritten in terms of Young modulus E and Poisson
ratio ν as
εe = 1
E
((1 + ν) τ − ν (Tr τ) I) . (5.3)
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Using (5.3) in the (linearised) evolution equation (4.2d) allows us to completely eliminate the “elastic” part of
the linearised strain εe from the evolution equations,
1
E
((1 + ν) τ˙ − ν (Tr τ˙) I) = [1 −H (τ ∶ ε˙)H (∣τδ ∣2 − κ2)] ε˙. (5.4)
Finally, if the stress tensor has the form of the uniaxial tension in the direction of the z-axis, that is if
τ = σezˆ ⊗ ezˆ, then the zˆzˆ component of (5.4) reads
σ˙
E
= [1 −H (σǫ˙)H (2
3
∣σ∣2 − κ2)] ǫ˙, (5.5)
where ǫ denotes the zˆzˆ component component ε. Equation (5.5) is the one-dimensional equation (1.4) pro-
vided that we set σy =def √ 32κ, which is the standard relation between the yield stress σy and the material
parameter κ, see Srinivasa and Srinivasan (2009).
6. Relation to some standard concepts in plasticity theory
So far, the tensorial quantity M has been interpreted as a quantity that characterises the mismatch between
the evolution of the left Cauchy–Green tensor B associated to the total deformation and the left Cauchy–Green
tensor Be associated to the “elastic part” of the deformation, see (3.3). It might be of interest to elaborate on
the link between M and other standard concepts in classical plasticity theories.
We focus on the link between M and the concept of evolving natural configuration, see Srinivasa (2001)
and Rajagopal and Srinivasa (2004). According to Rajagopal and Srinivasa (2004) the total deformation gra-
dient, denoted by Rajagopal and Srinivasa (2004) as FκR , can be decomposed as
FκR = Fκp(t)G, (6.1)
where G is related to the inelastic response, while Fκp(t) is related to the elastic response. (In yet another
classical approach to plasticity this formally corresponds to the multiplicative decomposition of the total
deformation gradient F into the elastic and plastic part F = FeFp. The underlying physical interpretation is
however different. Note also that the same decomposition is used in the work on viscoelastic rate-type fluids,
see especially Rajagopal and Srinivasa (2000) and Ma´lek et al. (2015).) If we introduce left Cauchy–Green
tensor Bκp(t) associated to the elastic response as
Bκp(t) =def Fκp(t)F⊺κp(t) , (6.2)
then the standard formula for the material time derivative of the total deformation gradient
dFκR
dt
= LFκR
implies that
dBκp(t)
dt
= LBκp(t) + Bκp(t)L⊺ − 2Fκp(t)Dκp(t)F⊺κp(t) , (6.3)
where Dκp(t) =def 12 (Lκp(t) + L⊺κp(t)) and Lκp(t) =def dGdt G−1. If we use the definition of the corotational derivative,
see (2.1b), we see that (6.3) can be rewritten as
◯
Bκp(t) = DBκp(t) + Bκp(t)D − 2Fκp(t)Dκp(t)F⊺κp(t) . (6.4)
Since we interpret Be as the left Cauchy–Green tensor Be associated to the “elastic part” of the deformation,
which is the same interpretation as in Rajagopal and Srinivasa (2004), we see that we are in position to identify
Bκp(t) ≡ Be. Using (6.4) and (3.3) we can then make the identification
M = −2Fκp(t)Dκp(t)F⊺κp(t) . (6.5)
This gives us the sought link between M and quantities that arise in the approach based on the concept of natural
configurations.
Furthermore, if we use (6.5), then we can rewrite the term −T ∶ [∫ +∞τ=0 e−τBeMe−τBe dτ] that appears on the
right-hand side of the entropy evolution equation (3.12) as
− T ∶ [∫ +∞
τ=0
e−τBeMe−τBe dτ] = (F⊺κp(t)TF−⊺κp(t)) ∶Dκp(t) . (6.6)
This equality follows from equality (3.16), which upon the multiplication by TB−1e and the application of the
trace yields
2Tr (XT) = Tr (MTB−1e ) , (6.7)
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where we have used the cyclic property of the trace and the fact that the Cauchy stress tensor T defined as
T =def 2ρBe ∂ψ∂Be , see (3.13), commutes with Be. Next we make use of the relation (6.5) between M and Fκp(t)
and Dκp(t) , which yields
Tr (MTB−1e ) = Tr(−2Fκp(t)Dκp(t)F⊺κp(t) (Fκp(t)F⊺κp(t))−1 T) = −2Dκp(t) ∶ (F⊺κp(t)TF−⊺κp(t)) , (6.8)
and the proposition (6.6) follows immediately. From (3.19) we however know that −T ∶ [∫ +∞τ=0 e−τBeMe−τBe dτ] is
the product of rate of entropy production and the absolute temperature, which is by Rajagopal and Srinivasa
(2004) denoted as ξ, hence we see that (6.6) is in fact equation (38) in Rajagopal and Srinivasa (2004). This
observation shows the link between the entropy production expressed in terms of M and the entropy production
expressed in terms of quantities used in the approach based on the concept of natural configuration.
Having identified a formula for ξ, our approach starts to significantly depart from that by Rajagopal and Srinivasa
(2004). While Rajagopal and Srinivasa (2004) specify a formula (constitutive function) for the entropy pro-
duction as a function of Fκp(t) , G and Dκp(t) , where this function is one homogeneous with respect to Dκp(t) ,
and then they employ the maximum rate of entropy production criterion, we proceed differently. Since we
work with M, we do not have access to Fκp(t) , G and Dκp(t) . (In fact we do not want to directly employ these
quantities.) Consequently, our approach must rely on the use of T, D and Be only, which for that matter also
distinguishes our approach from various other theories based on the strain decomposition.
As we have show above, it turns out that this approach is feasible. If we work with quantities T, D and Be, and
if we are willing to use discontinuous functions as in the one-dimensional setting studied by Rajagopal and Srinivasa
(2015), then we can indeed recover the desired inelastic (plastic) response.
7. Conclusion
We have provided a thermodynamic basis for the rate-type implicit constitutive relations that are capable
of modelling the inelastic response of solids. The proposed approach leads to three-dimensional models for
the inelasic response of solids undergoing finite deformations, and it guarantees the consistency of the arising
models with the first and the second law of thermodynamics, while it still inherits the conceptual simplicity
of the purely mechanical theory introduced by Rajagopal and Srinivasa (2015, 2016).
The only (mathematical) difficulty in dealing with evolution equations of type (4.2) is the presence of the
Heaviside function of the right-hand side of (4.2d) and (4.2e), since it forces one to deal with differential
equations with discontinuous right-hand sides, see Filippov (1988). This feature is however shared with many
other popular (one-dimensional) engineering models used in the description of hysteretic phenomena such as
the Bouc–Wen model, see for example Ismail et al. (2009) or Charalampakis and Koumousis (2009) or the
Duhem model, see for example Visintin (1994).
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